Abstract-A time-domain model including the core losses of a nonlinear inductor is proposed. The model can be seen as a parallel combination of a nonlinear inductance modelling the saturation and a nonlinear resistance modelling the core losses. The desired steady-state core-loss profile is used to determine the resistance function. The model is easy to implement and can be used in many different applications. The hysteresis loop of an electrical steel sample is measured at several frequencies in order to experimentally validate the model. It is shown that the model is able to predict both major and minor hysteresis loops very well.
I. INTRODUCTION
The modeling of nonlinear hysteretic inductances has challenged researchers for many years. A good accuracy can indeed be achieved by a physical in-depth analysis, but the resulting differential equations are very complicated. For example, in the design and real-time control of electric drives and power electronic devices, dynamic time-domain models that are easy to implement and tune are desirable. The increasing demand for energy efficiency makes the need for accurate models of losses even larger in the future.
The core losses can be divided into three parts: hysteresis losses, classical eddy current losses and excess losses. The hysteresis losses are proportional to the frequency, while the classical eddy current losses are proportional to the square of the frequency, and the excess losses are proportional to the power of 1.5 of the frequency.
A generally used and very simple model of the core losses of an inductor is a constant resistance in parallel to the inductance. Assuming sinusoidal variation of the flux linkage, the power dissipated in a constant resistor is proportional to the square of the frequency. This frequency dependency corresponds to the classical eddy current losses. Particularly at lower frequencies, the hysteresis losses constitute a significant part of the total core losses, and the losses predicted by a constant resistance deviate significantly from the actual losses.
Various methods have been developed for achieving more accurate models. A general framework for modeling of hysteresis using a dissipating function and a restoring function was presented in [1] , [2] , but no explicit functions were given. In [3] , a polynomial function was used to model the hysteresis loop assuming sinusoidal voltage excitation. A polynomial model for the B-H relation using the concept of a hysteresisrelated field intensity was proposed in [4] . In [5] , a system of differential equations was developed based on the idea of separating the magnetic field into two parts, where one part represents the magnetization and the other part the hysteresis losses. In [6] , the major hysteresis loop was produced by displacing the magnetizing curve while minor hysteresis loops were produced by adding reduction factors to the magnetizing curve function.
In this paper, the core losses are modelled according to the principles in [1] , [2] . The dissipating function is derived based on the desired steady-state core-loss profile. The hysteresis losses and the eddy-current losses are included in the model, but, in principle, any kind of core-loss profile could be applied. The core-loss profile used in this paper can be applied in the low-frequency region. A similar approach was used in [7] for the case of stator core loss modelling in induction machines. The model can easily be tuned and implemented in different applications. The hysteresis loop of an electrical steel sample is measured using an Epstein frame in order to experimentally validate the proposed model. It is shown that the model can produce major and minor hysteresis loops, and the predicted loops show very good agreement with the measured ones.
II. DYNAMIC MODELS

A. Steady-State Losses
At sufficiently low freqencies, the core losses can be modelled as
where P Ft denotes the eddy current losses and P Hy the hysteresis losses. The parameter α determines the ratio between the two loss components: at the angular frequency ω = α, the eddy-current losses equal the hysteresis losses. The excess losses are here omitted for simplicity. The model can be used only in steady state, as the angular frequency ω is irrelevant in transients and in the case of a non-sinusoidal flux linkage.
B. Lossless Nonlinear Inductance
In the dynamic model of an inductor, two main phenomena have to be included: magnetic saturation and core losses. Conventionally, the core losses are modeled using a resistor in parallel to the inductor as depicted in Fig. 1(a) . Hence, the magnetic saturation can be modelled separately from the core losses.
In time-domain models, the magnetization curve can be represented as a look-up table, or an explicit function can be used. In this paper, the magnetizing curve is modeled using a power function [8] 
where L u is the unsaturated inductance, and S and β are nonnegative constants. The parameter S determines the shape of the curve. At ψ = β, the inductance is half of the unsaturated value L u . In Fig. 2 , an example of the saturation curve is shown.
C. Constant Core-Loss Resistor
In the case of a constant resistor in parallel to the inductor, the instantaneous terminal current is given as Fig. 1(b) . The instantaneous losses can be obtained from
Assuming sinusoidally varying flux linkage, the average losses in steady state can be expressed as
It can be seen that the dependency of these losses on the frequency and the flux linkage corresponds to the eddy-current losses according to (1) .
D. Inclusion of Hysteresis Losses Using A Nonlinear Resistance
In order to include the hysteresis losses, a nonlinear resistor is used instead of the constant resistor as depicted in Fig. 3(a) [1] , [2] . The function defining the nonlinear resistor is developed based on the steady-state losses given in (1). The corresponding instantaneous losses can be written as
The dissipation function g(u, ψ) can be classified as a firstorder voltage-controlled nonlinear conductance [9] or a memristive system [10] . The instantaneous terminal current is given as
where the core-loss current is
The corresponding block diagram is shown in Fig. 3(b) . Compared to the model with a constant resistor, only one additional parameter, α, is needed for including the hysteresis losses in the model. The nonlinear resistance corresponding to (7) can be interpreted as a parallel connection of two resistances: the constant resistance R Ft related to the eddycurrent losses and the voltage-and flux-dependent nonlinear resistance
related to the hysteresis losses. An example of the current as a function of the voltage is shown in Fig. 4 at two different flux levels. If the losses would be modelled using only a constant resistor, a straight line would be obtained. Due to the hysteresis losses, the current is increased proportionally to the flux. Assuming sinusoidal variation of the flux linkage, the average losses can be expressed in steady state as
i.e. they correspond to (1). 
E. Augmented Model
The model can be easily augmented with, for example, series resistance R ′ and inductance L ′ as shown in Fig. 5(a) . The corresponding state-space representation is
where i R = i − f (ψ). The voltage over the nonlinear currentcontrolled resistance is obtained from
This dissipation function is reciprocal to the voltage-controlled conductance i R = g(u R , ψ) in (7). The block diagram of the augmented model is shown in Fig. 5(b) . 
III. RESULTS
A. Experimental Setup
The experimental setup was based on a standard 28 cm Epstein frame fed from a PC-controlled power-amplifier and a shunt for current measurement. Non oriented electrical steel designated as M400-50A was used in the experiments. A simplified diagram of the Epstein frame is shown in Fig. 6 .
The control and data acquisition procedure on the PC was implemented in the LabView programming environment in two parts. The first part consisted of a Virtual Instrument, which was running on a separate real-time 16-bit data-acquisition card from National Instruments. The second part, which consisted of a host program running on the PC and communicating with the card through the PCI bus, was used to set the control parameters and save the data to the computer.
The procedure allowed the generation of signals consisting of two separately controlled frequency components with different voltage levels and phase angles. The acquired data consisted of the instantaneous current in the primary coil of the Epstein frame and the instantaneous voltage of its secondary coil. The measurements were carried out with signals having different frequency components at different voltage levels and phase angles. Some of the measurement results are presented altogether with the simulation results for comparison purposes.
B. Parameter Identification
The hysteresis loop of an electrical steel sample was measured at several frequencies. The data recorded at the frequency 100 Hz were used to identify the saturation model and the core-loss model using data fitting. The data recorded at other frequencies were used for validation. In the proposed model, the terminal current consists of two components: i L is related to the saturation characteristics and i R corresponds to the core losses. It is assumed that the hysteresis loop is symmetric and the magnetizing curve is located in the middle of the hysteresis loop. Therefore, the saturation parameters can be identified irrespective of the coreloss parameters based on the total current i = i L + i R .
The parameters of the saturation function (2) were obtained by minimizing the function
The number of samples N was 2116 corresponding to one period. The resulting parameter values were L u = 0.99 H, β = 0.17 Wb and S = 12.4. The core-loss parameters are identified in two steps. At zero flux, the current i L is zero and the current i R corresponds to u/R Ft , where u is the voltage over the inductor. The core loss resistance can, thus, be obtained from
A moving-average filter was applied to remove the ripple in the current prior to the resistance calculation. During one period, the flux equals zero at two time instants. The resistance was calculated as the mean value of the resistance values obtained from (14) at these time instants. The resulting value of R Ft was 744.6 Ω.
As the resistance R Ft is known, the only unknown parameter is α. This parameter is obtained by minimizing
(15) where the instantaneous power p = ui, and the current i L is obtained from (2) using the parameter values obtained above. The result was α = 315.2 rad/s.
The resistance R Ft and the parameter α could be obtained simultaneously. The left-hand side of (15) would then be J(R Ft , α) while the right-hand side would be unchanged. However, the simultaneous identification of the parameters would lead to a higher value of R Ft , and the estimated hysteresis loop would have an unrealistic shape in the vicinity of zero flux as a result. A good curve shape can be ensured in the two-step identification process. 
C. Comparison Between Measurements and Simulations
Simulations were carried out in the Matlab/Simulink environment in order to compare the predicted waveforms to the measured ones. In Fig. 7 , the hysteresis loop at the frequency of 100 Hz is shown when a constant resistor is used to model the core losses. The value of the resistance was 744.6 Ω as identified above for the proposed model. The constantresistor model fits well at low flux values. At higher flux values, however, the simulated loop is clearly too narrow. The estimated losses are thus lower than the actual losses. The corresponding results of the proposed model are shown in Fig. 8 . As can be seen, the hysteresis loop obtained from the simulation data is in this case very similar to the measured hysteresis loop.
In Fig. 9 , an example of minor hysteresis loops is shown. 
IV. CONCLUSIONS
In this paper, a dynamic model of a nonlinear hysteretic inductance was proposed. The model can be interpreted as a parallel combination of a nonlinear lossless inductance and a nonlinear resistance. The resistance model was derived based on the desired steady-state core-loss profile. The model was experimentally validated by hysteresis loop measurements of an electrical steel sample. It was shown that the predicted hysteresis loop agrees very well with the measured data. The model is simpler than previously proposed models and easy to tune. The proposed model can be used in many applications, for instance in the modelling of core losses in AC machines. 
